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In the framework of the sliding-filament theory of muscle contraction, we 
introduce and study a model which assumes the muscle fibre to be a continuum of 
elastic and contractile elements. Using the contracting mapping principle, we prove 
existence and uniqueness of the solution of the nonlinear and nonlocal hyperbolic 
equation related to the model. 0 1988 Academic PESS, IX 
1. INTRODUCTION 
Following the sliding filament hypothesis of Huxley [18] we study here a 
model explaining the contracting mechanism of the muscle. In a recent 
work, [2], Colli analysed mathematically a model simulating the contraction 
of heterogeneous muscle fibres. A muscle fibre was assumed to be a finite 
sequence of homogeneous segments acting in series, each of them with its 
own contractile and elastic features. We propose here a model describing a 
muscle fibre as a continuum of contractile and elastic elements. 
We study two problems. The first one is related to the isotonic contrac- 
tion, when the tension of the fibre is prescribed and the displacement is 
measured. The second one is connected to the isometric contraction, when 
the length of the fibre is given and the tension is computed. 
From a mathematical point of view, we have to solve a system of 
nonlinear and nonlocal hyperbolic equations in both cases. We prove that 
for given data (initial data, length or tension at any time) there exists a 
unique solution of the system in each case. As we use the contracting 
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mapping principle for the proof, the given muscle length or tension need not 
be as regular in time as, for instance, in [2,3,6,20,23], where a compactness 
argument was used. 
Moreover, the same method of the proofs can be adapted to solve the 
problems considered in previous papers (see, e.g., [2,3,5,12,13,20,23]), 
thus allowing one to show existence and uniqueness more directly and 
under weaker assumptions on the data. 
In the next section we develop the model and the equations governing the 
isotonic contraction and the isometric contraction. In Section 3, the char- 
acteristics method for hyperbolic problems allows us to give a weak 
formulation of the previous equations and to study them for only continu- 
ous in time data. Section 4 is concerned with the boundedness and the 
contracting behaviour of two possible solutions of the isotonic problem on 
a short time interval. Finally we prove in Section 5 that for both problems 
there exists a unique solution on any finite time interval. For that we use 
the contracting mapping principle. 
2. THE MODEL 
According to the classical view of Hill [9,15,16], the mechanical function 
of the muscle can be explained by a combination of passive elastic elements 
and active contractile elements which generate force. 
On the basis of Huxley theory [17,18], the repeating unit of the contrac- 
tile elements is the half-sarcomere, which consists of an array of thick 
(myosin) and thin (actin) filaments. The links (cross-bridges) between these 
filaments behave as springs in the half-sarcomere (giving rise to the muscu- 
lar contraction) and are characterized by the distance x between the 
equilibrium position of the myosin heads and reactive site (see Fig. 1). 
One could suppose the muscle to be homogeneous, i.e., represent rheo- 
logically the muscle as a three-element model with a unique symbolic 
contractile element (the sarcomere) and two elastic elements disposed in 
different ways (Voigt or Hill models can be used; see, for instance, [2,3,6]). 
But experimental evidence showed that the relationship between tension 
FIGURE 1 
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and length in short segments along a muscle fibre has a different shape if 
compared to the tension-length relationship usually determined in a whole 
muscle fibre (cf. Edman and Reggiani [lo, 111, Reggiani et al. [22]). This 
suggested to utilize a discrete heterogeneous model, where the non-homo- 
geneity among different segments explains well enough the difference in the 
shape of the tension-length relation (see [2] for mathematical analysis and 
[22] for model simulation). 
Here we take the next step and assume the muscle fibre is a continuum of 
elastic and contractile elements. Thus any “unit” of the fibre works on its 
own account and has its peculiar features. More precisely, we consider a 
one-dimensional muscle fibre, initially (i.e., for t = 0) with length L,; being 
interested to longitudinal contractions, we neglect two-dimensional effects 
inside the fibre. 
Let 5 denote the position of an element for t = 0: 0 I ,$ I L,. At time t 
the same element will be in p(t) = .$ + s([, t), where ~(5, t) is the displace- 
ment. Assume that the end 5 = 0 of the fibre is fixed: 
s(0, t) = 0 (2.1) 
so L(t) := L, + s(L,, t) will be the length of the fibre at time t. Every 
element of the fibre has elastic and, possibly, contractile properties: if an 
element has no contractile properties, for instance, this belongs to a tendon. 
In the elements with contractile properties there is a sarcomere. 
Let u(<, x, t) be the density of cross-bridges which, at time t, are 
attached at the distance x from the equilibrium position (see Fig. 1) in the 
sarcomere that initially was in 5. For the sake of completeness, let us set 
for the elements 5 having no contractile properties. The dynamics of the 
cross-bridges population is given by (cf. [2 or 31, for example): 
Here u( 5, t) are the speeds of the contractions, obtained deriving the strains 
(as/a.$)($, t) with respect to t: 
(2.3) 
\k(& x, t, ~(5, x, t)) is a measure of the attachment and detachment of links 
in the element in 5 at time 0 (if 5 is, e.g., into a tendon, q = 0). 
The left-hand side of (2.2) comes from the time derivative of u with 
respect to a frame moving with the cross-bridges density distribution; on 
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the contrary, the frame is fixed with respect to the initial position 5 in the 
fibre, so in (2.2) derivatives in 5 do not appear. As then any physical 
element is characterized by its initial location 5 in the fibre, henceforth we 
shall speak of the “element 5 “. 
The stress-strain characteristics of the element 5 depend either on the 
strains ( c?s/c?[)(<, t) (elastic properties) or on u(& X, t) (contractile proper- 
ties). We denote by F(& (Js/a<)(& t)) the force of elastic type supported 
by <. As the fitting of experimental data in excised quiescent muscle shows 
(cf., e.g., [l, 3]), for 5 fixed and ]w] small, F(& w) can be expressed by an 
exponential vanishing at w  = 0. Taking account of this behaviour in a 
neighbourhood of 0 (elsewhere the behaviour of F is not relevant), we can 
assume 
for almost every 5 E [0, L,], F(& w) is strictly increasing in 
w, F(&‘,O) = 0 and F(& a) grows at a faster rate than (2.4) 
quadratic at infinity. 
We can suppose the cross-bridges present in the element 5 behave as linear 
elastic bonds with stiffness k(5) 2 0 (cf. [3]); thus the force developed by 
the sarcomere in E at time t is 
F,(t, t) = j$E)xu(t, x, 1) dx. (2.5) 
The tension a(t) of the fibre is then given by 
0(t)=J’ft,$(5,t)) +F,(t,t) forany5E [O,L,]. (2.6) 
In this model we make some simplifying assumptions. First, we neglect the 
viscous forces, however active in the muscle (see, e.g., [l] for a study in 
resting muscle, and [5] for mathematical results in the homogeneous case). 
Next, we consider only two states for cross-bridges (attached or detached) 
and single-site (i.e., only one actin site available for a given cross-bridge), 
while the situation seems to be more complicated (cf. [4,6,20], for instance). 
In order to complete the model, we must ask that 
u([, x, t) have a compact support in x for any (6, t) 
and 0 I ~(5, x, t) s 1; 
and we know the initial cross-bridge distributions: 
(2.7) 
where +([, x) = 0 if the element 5 does not have contractile properties. 
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We have two different experimental situations: 
(i) the isotonic contraction, where u(t) is given and the length L(t) (or, 
equivalently, s(L,, t)) is computed; 
(ii) the isometric contraction, where L(t) is prescribed and u(t) is 
measured. 
Let us set: 
then in the case (i) it is sufficient to have w(& t) since, on account of (2.1) 
s(&, t) = JD”“w(t, t) d5. (2.10) 
In the case (ii), L(t) is known, that is, setting 
d(t) = L(t) - L,, 
d(t) is given. Then the “unknown” w  must satisfy the condition: 
d(t) = Jo”“w(t, > &. (2.11) 
The problems corresponding to isotonic and isometric cases can be respec- 
tively summarized as follows: 
(ITP) Given T > 0, u: [0, T] + R, for 5 E [0, L,], x E R, t E [0, T], 
find the functions w(& t), ~(5, x, t) satisfying (2.7) (2.8) and 
u(t) = F(I, w(t’, t)) + ~Lok(t)x~(S, x, t> dx. (2.13) 
(IMP) Given d: [0, T] + W, for < E [0, L,], x E W, t E [0, T], find 
the functions u(t), ~(5, t), ~(5, x, t) verifying (2.7) (2.8) (2.12) (2.13), 
and (2.11). 
In the next sections we shall define these formulations and we shall show 
the existence and the uniqueness of the solution in both cases. Without loss 
of generality, we can put L, = 1. 
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3. STATEMENT OF MATHEMATICAL PROBLEMS 
First we want to write weak formulations of (ITP) and (IMP) in order to 
study the problems with data u or d only continuous. So we shall define 
here a generalized solution of (2.7), (2.8), and (2.12) thanks to the method 
of characteristics for hyperbolic equations. 
Henceforth we shall denote by Cj (i = 1,2,. . . ) some generic positive 
constants. We assume: 
T>O; (3.1) 
0 I +(<, x) 22 1 for a.e. 5 E [O,l], for any x E R; (3.4 
there exists C, > 0 such that for a.e. 5 E [O,l], for any 
x, f EIR: I+([, x) - +(<, 2) I< C,lx - f(; (3.3) 
the support of $I((, 0) is compact and there exists C, > 0 such 
that supp(+(& .)) c [ - C,, C,] for a.e. 5 E [0, 11; (3.4) 
\k(-, x, t, u) E L”(O,l) for any (x, t, U) E Iw x [0, T] x [w 
and \k is continuous in (x, t, u) E II4 X [0, T] X IR for a.e. (3.5) 
5 EVA 11; 
for any R > 0 there exists M,(R) > 0 such that for any 
x, 2, u, ii E R with max{(x], ]Z], ]u], Iii]} < R one has 
/‘z’fk 
X&U)- ‘I’([ 2 t ii)]< M,(R)((x - II + Iu - 61) (3’6) 
. . 5 E [0 l] for any ; E [0 ? > T]* , 3 
there exist two functions f(& x, t), g(& x, t) such that 
-g(E,x, t)u I V-5, x, t, u) s f(&x, t) - g(5, x, t)u for (3.7) 
a.e. 5 E [O,l], for any (x, t, U) E R X [0, T] X R; 
0 I f(E, x, t) I g(& x, t) for a.e. E E [O,l], for any (x, t) E 
~8 x 10, Tl; (3.8) 
f E L”([O, l] x R x [0, T]); for a.e. < E [0, l] f is continu- 
ous in (x, t) E 0% x [0, T] and Lipschitz continuous in x E lF4 (3.9) 
for any t E [0, T]; 
f(& . , t) has a compact support and El C, > 0 such that 
supp(f(5, -, t)) c [-C,, C,] for a.e. 5 E [O,l], for any t E 
10, Tl; 
(3.10) 
g E Lm([O, l] x [-R, R] X [0, T]) for any R > 0, for a.e. 
5 E [0, l] g is continuous in (x, t) E R X [0, T] and locally 
Lipschitz continuous in x E W for any t E [0, T]. 
(3.11) 
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Remark 1. (3.2) and (3.4) are physical assumptions, due to the fact that 
+ is the density of cross-bridges attached at a finite distance. So are (3.7) 
and (3.8), where f and g represent attachment and detachment rate 
functions (in Huxley [17] an explicit expression of \k is given). Other 
assumptions are concerned with the regularity of the data. Particularly, cp is 
Lipschitz continuous in x uniformly with respect to 5 and \k is locally 
Lipschitz continuous in x, u uniformly with respect to .& t. 
PROPOSITION 1. Let w E L”([O, l] x [0, T]) be such that ~(5, 0) E 
C’,‘([O, T]) for a.e. 4 E [O,l]. Under the assumptions (3.1)-(3.11) there 
exists a unique solution U, of 
a.e. in [0, l] x R x [0, T], (3.12) 
u,(t, x,0) = 44th 4 a.e. in [O,l] X R, (3.13) 
such that for a.e. [ E [0, l] U,,,([, *, 0) E C”*‘(Iw x [0, T]), for any t E 
,[O, T], U,(.$, 0, t) has a compact support and 
0 5 u&, x, t) < 1 V(x, t) E 08 x [0, T]. (3.14) 
Proof: Any function ~(5, x, t) verifying (3.12) (3.13) satisfies the fol- 
lowing equation on the characteristic lines (E, w({, t) + y, t), y being a real 
parameter, 
-&, 45, t) +y, t) = *(z, 45, t) +y, t, u(& w(5, t) +y, t)) 
(3.15) 
and the initial condition 
45, w(u9 + Y,O) = +(t, 4u-v + Y). (3.16) 
Since (3.15), (3.16) is a Cauchy problem for an ordinary differential 
equation with respect to the unknown function u([, w(.$, t) + y, t), from 
(3.3)-(3.6) it follows local (in time) existence and uniqueness of a function 
V,([, y, t) satisfying (3.15), (3.16). Moreover, from (3.7) we can deduce by 
the comparison principle for ordinary differential equations 
0 I K(t, Y, t) - +(5, w(E,O) + y )ev( - [g(S, ~(6~7) + y, 7) d7) 
I /of(r, w(& T) + Y, T)exp( - [‘g(5, ~(6, s) + y, s) ds) d7 (3.17) 
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and (3.17), together with (3.4), (3.10) implies that VW has a compact 
support in y. Also (3.17) gives 
0 I V,(& y, t) Il. (3.18) 
Indeed the left inequality is trivial; for the other one notice that by means 
of (3.17) 
Xexp( - jr&, 4&s) + y, s) ds) dr 
7 
-ev( - fg(S, w(5, s) + Y, s) ds)l’ 
= (1 - o(E,w(W + Y)) 
0 
xexp( - Jdg(t, 46,~) + Y, T> d7) 
+ ,I(g(E, w(k 7) + YT 7) - f(L w(E, T> + Y, T)) J 
xexp( - /\(S, w(S, s) + Y, 8) ds) d7, 
7 
and from (3.2), (3.8) it follows that V,,,(& y, t) s 1. Thus V,(& y, t) is the 
only solution of (3.15), (3.16) in the whole interval [0, T] and 
I(,([, *, a) E CO,‘(R X [O, T]) a.e. in [O,l]. (3.19) 
Notice that (3.19) is independent of the fact that w  is Lipschitz continuous 
in t a.e. in [O,l]; the continuity in 1 of w  is sufficient. Now we set 
u,k x, 1) = ~,(k x - w(5, t), t> (3.20) 
and U, satisfies the assertion of the lemma. 
The previous considerations about (3.19) justify the following extension: 
DEFINITION 1. Let w  E L@‘([O,l] x [0, T]) be such that w(.$, .) E 
C’([O, 2’1) for a.e. 5 E [O,l]. The function U,([, x, t), defined by (3.20) 
where V,,, is the solution of (3.15)-(3.16), is called the generalized solution of 
(3.12)-(3.13). 
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In the following we use the notations 
I . Im = II . llL”(O,l)~ 
I . I, = II . IIP(OJ), 
II * III = II . II ~m((o,l)x(O, I))’ 
The next proposition summarizes the main properties of the generalized 
solution U,: 
PROPOSITION 2. Assume (3.1)-(3.11) hold. In the same conditions of 
Dejinition 1, the generalized solution U, satisfies (3.14) and 
for a.e. 5 E [O,l], f or any t E [0, T] U,,,([, *, t) has a compact 
support and 3 C, > 0 such that 
(3.21) 
suPP(W, *, 0) = [-Cl - 2bG9 3 If’ cl + 21453 *> I,], 
U, is continuous in (x, t) E R x [0, T] for a.e. .$ E [0, l] 
(and in particular (3.13) is verified), (3.22) 
there exists a constant C, = C,(T, IlwllT) such that for a.e. 
6 E [0, 11, for any t E [0, T], x, .f E Iw 
(3.23) 
lu,(t, x, t) - q&A 2, t> 1 s C,lx - II. 
Proof From (3.17) thanks to (3.4), (3.10) it follows that 
supp(L(5, ., 0) = [-Cd -I++(& +)I& +lw(t> -,I,], (3.24) 
where, for instance, C, = max{C,, C,}. Then, by (3.20), we get (3.21). The 
property (3.22) comes directly from (3.19) w  being only continuous in t. 
Using (3.3), (3.6) for y, j E [-C, - ]]w]]r, C, + ]]w]]r] we have 
p-,(6, Y, t) - y& .F, t) 1 
(3.25) 
-*(l, ~(5, T) + Y, 7, V,(t, Y, T)) 1 d7 
5 GIY - r”l + GjJb{ly - Yl + lYv(5, Y, T) - v,(t’, F, 7) I} d7, 
where, for instance, C, = M,(max{l, C, + 2]]w]lr}) and Ml(.) is defined in 
(3.6). From (3.25), applying Gronwall’s lemma, it follows that 
l~(t, Y, 1) - JL(<, Y, 1) l 5 edCJ)(C, + CJ)ly - Yl (3.26) 
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which now holds for y, jj E R, owing to (3.24). By (3.20), (3.26) we get 
(3.23). 
Before giving precise formulations of (ITP) and (IMP), we have to 
introduce some further assumptions about the stiffness k and the elastic 
force F: 
k E L”(0, l), k(t) 2 0 a.e. in [0, l] ; (3.27) 
F([, w) is continuous in w  E R for a.e. [ E [0, l] and 
F(-, w) EL”(O, 1) for any w  E R; (3.28) 
F(:(z, w) is strictly increasing in w  E IR for a.e. < E [0, 11; (3.29) 
F(5,O) = 0 for a.e. 5 E [O,l]; (3.30) 
F([, w) + f co as w  + of: cc a.e. in [0, 11. (3.31) 
Remark 2. From (3.28)-(3.31) it follows that there exists one and only 
one function H: [0, l] X Iw + !R such that: 
f’t5, H(5, w)) = w  VW E R, a.e. in [O,l]. (3.32) 
H is the inverse function of F with respect to w  and, Iike F, H satisfies 
(3.28)-(3.31). 
Finally we are able to state both problems: we denote by (Pl) and (P2) 
the problems which correspond respectively to (ITP) and (IMP). 
(Pl) Given u E C’([O, l]), find w  E L”((0, 1) x (0, T)) such that 
45, *) E cO([o, rl) a.e. in [O,l], (3.33) 
lJ, is the generalized solution of (3.12), (3.13), (3.34) 
5, a(t) - @t)xU,(t, x, t) dx 
(3.35) 
f0ra.e. <E[O,l],VlE[O, T]. 
(P2) Given d E C’([O, T]), find u E C’([O, T]), w  E L”((0, 1) x 
(0, T)) satisfying (3.33)-(3.35) and 
d(t) = l’w(C, t) 4 Vt E [o, T]. (3.36) 
4. A PRIORI PROPERTIES OF THE SOLUTIONS 
In order to use a fixed point theorem, here we study the a priori 
boundedness and contracting behaviour of two possible solutions of (Pl). 
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In the sequel we assume (3.1)-(3.11), (3.27)-(3.31) and 
for any R > 0 there exists M,(R) > 0 such that for a.e. 
~~[O,l],foranyw,~~Ewithmax{]w],]G,I}~Ronehas 
(4.1) 
for any E > 0, there exists M3(&) > 0 such that for a.e. 
5 E [0, 11, for any I w] 2 &(E) 
(4-2) 
IH(.$, w) 1 I EIwl”2. 
The assumption (4.1) yields the Lips&i@ continuity of H in w, uniformly 
with respect to 5, and (4.2) can be expressed also as 
wk 4 ~ o 
m as w  + f 00, uniformly in 5. (4.3) 
Remark 3. It is easy to check that to prescribe (4.1) is equivalent to 
prescribing 
for any R > 0 there exists M,(R) > 0 such that for a.e. 
5 E [O,l], for any w, 6 E R with max{ ]w], ]G]} I R one has 
(4.4) 
IF(E, w) - F(5, +,) 1 2 M,(R)lw - fil 
and (4.2) (or (4.3)) is equivalent to 
W?) --, +~ 
w2 - 
asw+ +couniformlyin~. (4.5) 
LEMMA 1. Given a number G?E R, there exists a unique couple (6, W) 
with a” E R, W E L”(0, 1) verifying 
d’= ~‘WC) &, (4.6) 
Proof Consider the function 
h(s) := /‘J( 5, 
0 
s - k(t)/ x+(& x) dx) 4; R 
(4.7) 
(4-g) 
we can see that h is continuous and strictly increasing in Iw; moreover, 
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lim s -) f ,h( S) = + cc. Indeed by contradiction, if h(s) I Const for any 
s E IR, then, by means of Beppo Levi’s monotone convergence theorem, 
there exists r? E L’(O,l) such that as s + + cc, 
H(l,s--k(Z)~x~(~,x)dx) -g(t) a.e.in[O,ll, 
R 
which is contradiction with (3.31). 
Thus h is invertible and the problem of finding a’ E R such that 
h(a”) = d” 
has a unique solution; Lemma 1 follows easily. 
Notice that Lemma 1 determines w(&O) and a(O) in the problem (PZ), 
while in (Pl) w&O) is directly defined by (3.35) when t = 0. The next 
lemma states the a priori boundedness of the solutions of problems (Pl) 
and (P2). 
LEMMA 2. There exist two constants C, and C, independent of T such that 
any solution w  of (Pl) satisjies 
IIWIIT 5 c, (4.9) 
and any solution (a, w) of (P2) verifies 
IIWIIT + MT 5 G3. (4.10) 
PKJO$ By (3.14), (3.21), and (3.27) we have for any t E [0, T], 
j-k(E)xU&, x, t> dx I Ikl,/_“r’;~;‘)‘;,lxl dx 
R 3 t 
I Wl,(c,: 21wk .) 1,j2 
(4.11) 
a.e. in [O,l]; 
using (4.11) and (4.2), from (3.35) it follows that 
IwK a> I, s ma{ H(E,I(JI, + Iklm(C4 + 2bG7 0) it)‘)> 
-f+ - Iult - I&& + 2bG .) it,‘)] c4 12J 
s +I, + Ik,(G + ‘+(L .) lt)2)1’2 
VtE [0, T], a.e. in [0, l] 
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for an E > 0, if 
lulr + IN&4 + 4dEY 3 ltJ2 ww. (4.13) 
We now choose E = S/(2K) with 0 < 6 < 1 (if I/C] o. = 0, (4.9) and 
(4.10) follow immediately); from (4.12) and (4.13) we get 
(4.14) 
qY462 + s\Ic4” + (1 - S’)]u]&J) 
1 -a2 
Vt E [0, T], a.e. in [0, 11, where M3( a) is defined in (4.2). Thus (4.9) is 
proven. 
In order to show (4.10), we introduce the function: 
G(s) := ~?-Z([, s) d&T (4.15) 
Like the function h defined in Lemma 1, G is continuous and strictly 
increasing in W ; moreover, lim s ~ + mG( s) = + cc. 
We denote by G-’ the inverse function of G. 
Now, from (3.35) and (3.36) we obtain 
d(t) = p( 5, u(t) - k(G&.L(S, x, t) dx) a ff’t E 10, Tl; 
(4.16) 
hence, by using (4.11), 
G(dt) - I’k& + 211~11,)2) 2 d(t) 
s G(dt) + WI& + Wl,)2)~ (4.17) 
and from here 
G-‘@(t)) - I&& + W41,)2 5 a(t) 
5 G-‘@(t)) + WI&, + 211wll,~2~ 
(4.18) 
Then we have 
I4, I [G-‘(d) If + WI& + Wllt)2~ (4.19) 
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We want to choose 6 in (4.14) in order to have from (4.19) an estimate of 
10) I. From (4.14) it follows (cf. (4.13) too) that 
IW,G + ml1,)* 
5 ma{ M’( V(2/lK$ (4.20) 
WI&, + s(c4’ + (1 - S*)l~lJl~l,)1’2]2/(~ - a*)*) 
and if we take, for instance, 6 < 1/ 6, we get (4.10) by (4.14) (4.19) and 
(4.20). 
Observe that the constants C, and C, depend only on H, ) kl oo, and 
respectively ]u.(~, IG-‘(d)l,. 
In order to utilize the contracting mapping principle, the next step is to 
estimate the difference between two (possible) solutions of problems (Pl) or 
(P2). We begin by stating some auxiliary lemmata. 
LEMMA 3. Let U,(& x, t) be the generalized solution of (3.12), (3.13) in 
[0, T]. For any r E [0, T[, let us deJine S;(.$, x, t) as the generalized solution 
in [T, T] of 
(4.21) 
s;(5, x, 7) = q&Y x, 7) (4.22) 
and Zt( 5, x, t) as the generalized solution in [ 7, T] of 
7 x, 1) + -$(f, t)-r&(S, x7 t> = *(t, x> t, u&, x9 0) 
(4.23) 
z;(t, x, 7) = 0. (4.24) 
Then SG and Z;, like U,,,, satisfy (3.21) and for any t E [7, T] 
s;(5, x, t) = u,(t, W(5,T) + x - w(x, t), 7) 
q&, x, t) = s;(5, x, t) + z:(t, x, t) 
forany x E W, f0ra.e. 5 E [O,l]. 
(4.25) 
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Proof. The assert follows easily from the equality (see (3.15), (3.16), 
(3.20)) 
K(5? Y7 d = %k w(5,d + Y, 7) 
+ / ‘*(5, ~(5, $1 + Y, 3, K,,(E, Y, 4) ds 
vt E [r, T]. 
7 
(4.27) 
LEMMA 4. Let w, fi E L”((0, 1) X (0, T)) be continuous in t E [0, T] 
a.e. in [0, l] and such that 
mm{ Ilwlh IIW) 5 C, := ma{ C,, Cd. (4.28) 
Assume also that for a r E [0, T[ 
W(‘, t) = $(a, t) in Lm(O, l), Vt E [o, r]. (4.29) 
Then there exist two constants C,, and C,, such that Z$ Z; (with obvious 
definition of Z;) satisfy 
l.cxE, x + a, 0, t) 1 5 Cl& - 7) (4.30) 
pa, x + w(E, 4 t) - z&i, x + w, 4 t) I 
2 c,,lw(t, 4 - a, *) I,@ - 7) (4.31) 
Vx~R,Vt~[~,T], fora.e. c~[O,l]. 
Proof. From Lemma 3 it follows that 
z:(c, x + 459 0, t) = p(‘5 x + w(E, 4, s, z;(5, x + w(574, s) 
7 
+ U,(t, x + ~(5, r), 7)) h. (4.32) 
Notice also that (cf. (3.20)) 
at, x + w(5,t), t) + &(E, x + w(5,+ 7) = K& x, 1); (4.33) 
by (3.24), we have 
suPP(u5, *, 0) = [-Ci - c,, c, + c,l (4.34) 
and by (3.7), (3.9), (3.10), (3.11), (3.18), (4.34) we get 
1% x + 459 09 t, Kk xv 4) I s Ilf IILy[O,1]XRX[O,T]) 
+ llgll L~([0,1]X[-C4-2C,,C4+2C9]x[0,T]) 
(4.35) 
Vx E R, Vt E [ 7, T], for a.e. t E [0, 11, from which (4.30) follows. 
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Using (3.6), (3.18), (4.29) (4.32) and (4.34) we have 
lz;(t, x + w(E, t>, t) - z;(t, x + @,(k 03 t) I 
I Cn/*{ Iw(t, s) - +,(t, s) 1 + lZ;(& x + w([, s), s) (4.36) 
7 
-z;(t, x + q, 4, s) I} h, 
where, for instance, C,, = M,(max{l, C, + 2C,}) and Ml(.) is defined in 
(3.6). From (4.36), applying Gronwall’s lemma, we obtain (4.31). Notice 
that C,, depends on T, while C,, does not. 
LEMMA 5. Let u, a” E C’([O, T]) be such that a(O) = I?(O) and let w, I? 
two solutions of (Pl) corresponding respectively to the data CJ, a”. There exists 
a constant C,, such that 
IW(E> 9 - fi(h *> I* s G,{lu - 4, + +4<, *) - w, 9 It} (4.37) 
Vt E [0, T], for a.e. < E [O,l]. 
Proof. First observe that w( a, 0) = J?( ., 0) in Lm(O, 1). Next, (3.35) can 
be written equivalently as 
m 459 0) + k(S)&%, x, t) dx = u(t) - k(E)/RxZ;((, x, t) dx. 
(4.38) 
If we take x - w(&O) + w(& t) in the first integral and x + w(<, t) in the 
second one instead of x, (4.38) becomes 
f’(t, ~(5, t)) + ~(5, t)j$t)K(t, 0) dx 
= u(t) - /$S)xKk x,0) dx + w~~J))j$E)u,(Ld) dx 
- $t)(x + ~(5, t>)Z:(t, x + ~(5, t), t) dx. J (4.39) 
Dealing with the equality containing a”, i? in the same way, we obtain the 
analogous expression, but with U,,,(& x, 0) = U&t, x, 0) = (p(E, x): Con- 
sider then the function: 
f&if, w> := F(5, w> + k(l)wj$, x) dx. (4.40) 
Owing to (3.27) and (3.14), PO also satisfies (3.28)-(3.31) and (4.4) with the 
same M4( 0); then its inverse function Ho verifies (4.1) with the same M,(e). 
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Thus we have with the help of (4.1) 
I457 4 - a7 4 I s IHo( x9 u(t) - ~k(E)(X - 45,0))+(5, x> dx 
- /RW(x + ~(5, t>)z:(t, x + ~(4, t), 1) dx 
--Ho x> g(t) - ik(t)(x - w(5,0))+(5, x) dx 
i 
- jRk(E)(x + +(5, f)>z$(5, x + +(t, f), 1) dx 
)I 
s Cl4 IUW - w  I 
i 
+ Rk(t)lw(t;, t) - +(5, t) 1 lZ,“(t, x + ~(5, t), t) 1 dx J 
+ Rk(t)Ix + ~,(~, t) 1 lZ:(t, x + w(E, t), t) J 
-Z,“((, x + G([, t), t) 1 dx , 
) 
(4.41) 
where C,, = C,,(max{ ]c]r, ]t]r}, lkl,). Indeed Z; and U, satisfy (3.21) 
and w, G verify (4.9) with C, depending only on ]k],,max{]a(r, ]a”]r}. 
Now, using (4.30) and (4.31), from (4.41) we get 
Ml? d - w(E, 0 I s G,la - Clt + C&G, 4 - 45, *> If 
a.e. in [O,l], (4.42) 
where C,, = C,,(max{ ]u] r, ]a”] r}, Ikl m, 7’). By (4.42) the assertion follows 
easily. 
Remark 4. Let r ~10, T[ and u(t) = a”(t), w(-, t) = G(-, t) for any 
t E [0, r]. Then the following inequality 
I453 4 - fiK 3 I, 2 G,{b - a”lt + (t - +G, 9 - fi,(E, 4 I,} 
(4.43) 
holds for any t E [r, T], for a.e. 5 E [0, 11. The proof is the same of Lemma 
5, but we take 
F,(t, w) := F(5, w) + k(tb$L(t. x, r) dx (4.W 
and its inverse H, instead of F, and Ho. 
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5. EXISTENCE AND UNIQUENESS RESULTS 
In this section we use the contracting mapping principle to prove that 
(Pl) (or (P2)) has a unique solution, first on a short time-interval, then on 
any finite time-interval. 
THEOREM 1. There exists one and only one solution of (Pl). 
Proof. The function u E C’([O, T]) is given. For 0 I t, < t, we set 
B II>*2 = v E L”((O,l) x (rr, t*)): ( 
v is continuous in t E [t,, t2] a.e. 
in 107 11, Il~ll~“((o,~)x(r,,t*)) 5 G)Y (5.1) 
where C, is introduced in Lemma 2. For a ? E [0, T], consider the operator 
(well defined because of Lemma 2, where 6 must be chosen sufficiently 
small) 
Eo: Boi~Boi (5.2) 
q)(v)G, f) = Ho( E, u(t) - &40(x - w(5,0))9(5, x> 
-~(+%!‘k x, t) dx. 
i 
As made in Lemma 5, we can prove the following estimate (now u = 6): 
llEo(v) - Zo(v”) IIt I C&llv - V”llt Vv, C E B,,;,Vt E [0, f-j; (5.3) 
then if, for instance, f= l/(2&), E, is a contracting mapping on Bo,f 
and, thanks to Banach’s fixed point theorem, (Pl) has a unique solution 
w(t, t) on [O, Cl. 
Now, t” being chosen, we can start again. The operator (see Remark 4) 
%(v)(t, t) = ff;( 5, ~(1) + ik(t)(w(& q - x)&&i’, x, t? dx 
is a contracting mapping on Bi,li because we still have an estimate like 
(4.43) and so on. Finally, we get the existence and the uniqueness of the 
solution on all [0, T]. 
It remains to solve the problem (P2). It needs another preliminary result 
concerning the difference between two (possible) solutions of (PZ). 
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LEMMA 6. Let d E C’([O, T]) be giuen. If (a, w) and (5, G) are two 
solutions of (P2), there is a constant C,, such that 
Proof. First notice that o(O) = G(O), w(.,O) = 5(.,0) in L”(O,l) by 
means of Lemma 1. By (3.35), (3.36), and (4.39), we have that the difference 
- (x + w(E, t>)Z,%, x + w(E, t), t)} dx) 
57 0) + W~{(w(E,O) - x)44& x) 
(5.6) 
-(x + +z1(5, t))Z$(t, x + @,(t, t), t)} dx) 
(Ho being defined in Lemma 5) is such that 
/ o’l,(E, d d-5 = 0 
Vt E [o, T]. (5.7) 
Then for a tied t E [0, T] we may have either I,( ., t) = 0 or I,( ., t) f 0. 
As Ho satisfies (3.28)-(3.31), in the first case we have 
u(t) - g(t) = k(t%‘(<, t) - c,(t, t))&(t, x + ~(5, t), t) dx 
+a$ x + WY t>( z:(t, x + 4, t), t) 
(5 -8) 
-%!(t, x + a([, t), t)) dx 
for a.e. 5 E [O, 11. 
In the second case there are two sets J+(t), J-(t) c [0, l] such that their 
Lebesgue measure is not zero and 
J+(t) n J-(t) = 0, (5.9) 
zo(5, t> ’ 0 a.e. in f+(t), (5.10) 
z&t, t> < 0 a.e. in L(t). (5.11) 
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Then for a.e. 5 E J+(t) we get the inequality 
u(t) - c(t) ’ k(<)(w(t, t> - fi,(t, t))j-$?(t, x + ~(5, t), t) dx 
+WjR( x + I?([, t))(ZZ(& x + w(& t), t) W2) 
-Z:(t, x + 6,(5, t), t)) dx 
and for a.e. 5 E J-(t) the opposite inequality. In any case from (5.7) it 
follows that 
x RlzwO(-, x + WC, t), f) (,dx J 
(5.13) 
We recall now that from (4.10) and Lemma 3 we have 
maxW41T+ I+, llW+ I%-) 2 C8, 
suPP{z:(bG, f> + -3 t>} = I-c, - c,,c, + c,l 
V’t E [0, T], a.e. in [O,l]. 
Then, owing to (4.30) and (4.31), (5.13) infers (5.5). Notice that the constant 
Cl6 depends on I G-‘(g) ( T, (k I 03, H, and T (cf. Lemma 2 and Lemma 4). 
Remark 5. Let r ~10, T[ and a(t) = Z(t), w(., t) = iZ(., t) in L”(O,l) 
for any t E [0, 71. Then we have 
Iu - a”(, s Cl& - r)llw - G’ll’ Vt E [r, T]. (5.14) 
For the proof of (5.14) we refer to the previous Lemma, where it only needs 
to substitute H, for H,,. 
THEOREM 2. The problem (P2) has a unique solution. 
Proof. Here for a u E C’([O, T]) we denote by w(u) the solution of the 
problem (Pl) with the corresponding (I. For 0 5 t, < t,, let us set 
C = ‘I.*2 ( q E CO(h, a: lI~lILy,l,f*) 5 c3}? (5.15) 
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where Cs is defined in Lemma 2. For a f E [0, T], consider the operator 
(well defined for a suitable choice of 6 in the proof of Lemma 2) 
I$,( 9) is the only solution of the equation 
d(t) = /lH,(E, ‘%(v)(t> - b(S)b - w(d(5J%+(k 4 dx 
(5.16) 
0 
- @t)xZ&&E. x, 2) dx) d5, t E 10, f]. 
Notice that the definition of (?a has a meaning, since for a fixed t E [0, fl 
the function (in S) 
J ( 0 
‘4, 5, s - k(t)jR[b - w(d(W)b#@, x> + xZ,“,,,,(5, x, t,] dx) dE 
(5.17) 
is, like h defined in (4.8), continuous and strictly increasing and it goes to 
+ cc as s --) f co. Then it has an inverse function which defines e,(q) by 
means of the equation in (5.16). Moreover, Lemma 2 allows us to infer 
leoh) Iis c, for any 9 E C,, i, 
thanks to the monotonic&y properties of Ha (the same ones of H and H, 
VT E IO, T]!). 
Now let 77, ij E C,, ;; we can show for 0,( 77) and 19,( +) the inequality 
leo(d - eo(ti) II I cldbh> - W(ti) 11, Vt E [o, t”] (5.18) 
with the same proof of Lemma 6. Moreover, from (4.37) it follows that 
IIw(d - 43 III 5 1 :;t&ll - ?I, Vt E WI (5.19) 
if t c l/C,,. Combining (5.18) and (5.19) we get 
Vt E [O, iq. (5.20) 
Then if, for instance, t’= l/(C,,(l + 2C,,)), 0, is a contracting mapping 
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on co, i and from the Banach theorem we have that (P2) has one and only 
one solution (a, w) on [0, fl. 
As in Theorem 1, as well here we can start again. t now being chosen, the 
operator 
0:: Ci,zi + Ci,zi 
ei( 7) is the only solution of the equation 
d(t) = JbHi(t7ei(V)(r) 
(5.21) 
t E [f,2f], 
where Hi is defined in Remark 4, is a contracting mapping on C’i,lr, since 
we can repeat here the estimate (5.20) for t E [t”, 211j (see (4.43) and (5.14)); 
and so on we obtain that (P2) has a unique solution on all [0, T]. 
Remark 6. The technique used in this work allows us to prove existence 
and uniquenes of the solutions if the data \k, u, and d are only continuous 
in time, while in preceding works (see, e.g., [2,3,6,12,23]) stronger assump- 
tions were made. Of course, if the data are more regular, the solutions are 
more regular too: for example, if u, d E C”,‘([O, T]), then w, U, are 
Lipschitz continuous in both problems (see (3.12) (3.13) (3.35) (3.36); 
from these equations, other regularity properties follow). 
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